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According to the kinetic theory of elasticity of rubber-like materials, 
originally propounded by Meyer, v. Susich and Valko,' and subsequently 
develops by Guth and Mark * and by Kuhn,® the retractive force in 
stretched rubber is due to the thermal motions of the carbon atoms of 
the molecular chain. On the assumption of free (or effectively free) 
rotations about each of the C—C bonds, it is shown that in the absence 
of external restraints the molecule will take up a randomly-kinked form 
in which its average length (measured by the distance between its ends)' 
is only a small fraction of the length of the fully extended chain. The 
statistical treatment of the problem * leads to a formula defining the 
probability of a given length in terms of the molecular parameters.

An extension of the treatment to a three-dimensional network of 
molecules, in order to account for the properties of a rubber in bulk, has 
been attempted by various authors, no tably by Kuhn * and by Wall. ® 
Their results, however, are not in agreement. In the present paper the 
methods of Kuhn and of Wall are critically examined, and the source of 
the discrepancies between their results is demonstrated.

Wairs Treatment of Elongation.
I n  t h i s  d isc u ss io n  th e  h is to r ic a l  o rd e r  w ill b e  re v e rse d , a n d  W a ll 's  w o rk  

w ill b e  c o n s id e re d  b e fo re  t h a t  o f  K i ih n  w h ic h  a p p e a r e d  8  y e a r s  e a r lie r .
W o rk in g  o n  i i e  b a s is  o f  K u h n 's  s t a t i s t i c s  o f  t h e  in d iv id u a l  m o le c u le  

W a ll  s e t  o u t  t o  c a lc u la te  t h e  e n tr o p y  o f  a  n e tw o r k  o f Ng e q u a l  m o lecu le s  
m a k in g  u p  a  c y lin d e r  o f le n g th  in  t h e  u n d e fo rm e d  a n d  I in  t h e  d e fo rm e d  
s t a te .  F o r  t h i  s t r u c tu r e  t h e  d is t r ib u t io n  o f le n g th s  {i.e. d is ta n c e s  b e tw e e n

 ̂M eyer, v . Snsich a n d  Valko, Koll. Z., 19 3 2 , 59 ,  20 8 .
* G u th  a o d  M ark. Monats. Chem., 1 9 3 4 , 6 5 , 9 3 .
* K u h n , KoU. Z., 1 9 3 4 , 2 ; 1 9 3 6 , 76 , 2 5 8 .
‘ W all, J. Chem. Physics, I 9 4 2 , lo , 1 3 2 . *W all, ibid., 1 9 4 2 , 10 , 4 8 5 .



ju n c t io n  p o in ts )  o f  t h e  m o lecu le s  in  th e  u n d e fo rm e d  s t a te  w a s  a s su m e d  to
b e  t h a t  g iv e n  b y  K u h n ’s  fo rm u la , w h ic h  m a y  b e  w r i t te n

P(x. y , z) d x  . dy . d z =  ^ « - « * ( * • + ,  d y  . d e  . ( i)
IT*

I n  th is  e q u a t io n  x, y  a n d  z  r e p re s e n t  t h e  c o m p o rien ts  o f  le n g th  o f a  g iv e n
m o le c u le  a lo n g  e a c h  o f  t h e  th r e e  c o -o rd in a te  a x es , a n d

I 2 , +  cos 0 , .■ S i= -leZ ---------- . . . .  (la)j8* 3  I  — co s 8 '  '
If b e in g  t h e  C— C b o n d  d is ta n c e , Z  t h e  n u m b e r  o f  l in k s  i n  t h e  m o le c iila r  
c h a in , a n d  B t h e  su p p le m e n t o f  t h e  v a le n c e  a n g le . T o  d e sc rib e  th e  d e ­
fo rm a tio n  W a ll  a s su m e d  t h a t  th e  v o lu m e  re m a in s  u n c h a n g e d , a n d  t h a t  th e  
c o m p o n e n ts  o f  le n g th  o f  e a c h  m o le c u le  c h a n g e  in  t h e  sa m e  r a t io  a s  th e  
c o rre sp o n d in g  d im e n s io n s  o f t h e  b u lk  ru b b e r .  T h u s , w r i t in g  a  fo r  ///#, x, y  
a n d  ^  a r e  c h a n g e d  to  ow:, a - ^ y a n d  re sp e c tiv e ly ,*  a n d  th e  c o rre s ­
p o n d in g  d is t r ib u t io n  fu n c tio n  is

P'{x, y , x) d x  .d y  .d z  ^  +  . d y . d z  .
TT*

T h e  p ro b le m  is  t o  d e te rm in e  t h e  p ro b a b il i ty  P  t h a t  t h e  a s se m b ly  of 
m o le c u le s  sh o u ld  b e  fo u n d  in  t h e  s t a t e  re p re s e n te d  b y  e q u a t io n  {2 ), w h ^  
t h e  p ro b a b il i ty  t h a t  a  g iv e n  m o lecu le  h a s  c o m p o n e n ts  o f  le n g th  x, y  a n d  z  
i s  g iv e n  b y  e q u a t io n  ( i ) .  T h e  r e s u l t  fo u n d  b y  W a ll is  ,

+  ■ ■ ■ ■ 
w h e re  P o  is  t h e  p ro b a b il i ty  o f  th e  m o s t  p ro b a b le  d is t r ib u t io n .  T h e  e n tro p y  
c h a n g e  d u e  t o  t h e  e x te n s io n  is  th e re fo re

S - S o  =  f t I n P / P o  =  - i J V o f c ( « “ +  | - 3 )  . . (4 )

T h e  te n s io n  F  is  t h e n  o b ta in e d  b y  a p p ly in g  t h e  th e rm o d jm a m ic  re la t io n

g iv in g , fo r  a  c y lin d e r  o f o r ig in a l c ro ss -s e c tio n a l a r e a  i  cm.*,

F  =  . . (5)

w h e re  N  is  t h e  n u m b e r  o f m o lecu le s p e r  c .c ., M  t h e  m o le c u la r  w e ig h t a n d  p 
t h e  d e n s i ty .

E q u a t io n  (5 ) a p p lie s  fo r  a  u n i-d ire c t io n a l  c o m p re ss io n  a s  w e ll a s  fo r  a n  
e lo n g a tio n .

2. Wall’s Treatment of Shear.
A  s im p le  sh e a r  m a y  b e  d e fin ed  b y  a  c h a n g e  o f t h e  d im e n s io n s  o f  th e  

sp e c im e n  f ro m  x, y  a n d  z  t o  ax, yj<x a n d  A s b e fo re  W a ll a s su m e d  t h a t  
t h e  m o le c u la r  c o m p o n e n ts  o f le n g th  c h a n g e  in  t h e  sa m e  r a t io  a s  th e  
e x te r n a l  d im e n sio n s , T h e  fu n c tio n  re p re se n tin g  t h e  d is t r ib u t io n  o f m o le ­
c u la r  le n g th s  in  t h e  s t a te  o f sh e a r  is  th e re fo re

p'{x, y , 2) dx .d y  . dz =  +  . dy . dz . (6 )
TT*

•  I n  his earlier p a p er * W all took  acco u n t on ly  of changes in  th e  * com iw nents 
o f length. H is la te r  treatm ent,®  -which is obviously th e  m ore correct, is here 
considered.

t  Love, Mathematical Theory of Elasticity, Cam bridge U niversity  Press, and 
E d . p . 3 4 .



T h e  r e s u l t  w a s  o b ta in e d  in  te rm s  o f t h e  w o rk  re q u ir e d  t o  p ro d u c e  a  sh e a r

deformation ^
W = ^NkTo* ^  . . . . (7)

f ro m  w h ic h  i t  is seen  t h a t  t h e  m </dulus o f  r ig id i ty  G a p p e a r s  a s  a  c o n s ta n t .  
T h a t  is  t o  sa y , t h e  n e tw o rk  o b e y s  H o o k e ’s  la w  u n d e r  sh e a r , th o u g h  n o t  
u n d e r  e lo n g a tio n .

3. Kuhn’s Treatment of Elongation.
K u h n  m a d e  t h e  sa m e  f u n d a m e n ta l  a s su m p tio n s  a s  W a ll, b u t  w o rk e d  

f ro m  a  c o n s id e ra tio n  o f  t h e  e n tr o p y  o f t h e  s in g le  m o lecu le , in te g ra t in g  
o v e r  th e  w h o le  a s se m b ly  o f m o lecu le s  in  o rd e r  to  o b ta in  t h e  t o t a l  e n tro p y . 
F ro m  e q u a t io n  ( i )  t h e  e n tr o p y  s o f a  s in g le  m o le c u le  is  g iv e n  b y  K u h n  a s

s =  k l n p  =  Cl — +  3'* +  ■2*) =  c, -  . . (8)
w h e re  is  t h e  d is ta n c e  b e tw e e n  i t s  e n d s . T h e  c o n tr ib u t io n  t o  t h e  t o t a l  
e n tr o p y  p e r  c .c . d u e  t o  m o le c u le s  h a v in g  le n g th  c o m p o n e n ts  b e tw e e n  x  a n d  
X dx,y  a n d  y  6y,z  a n d  ^  +  d z  is  o b ta in e d  b y  m u lt ip ly in g  th i s  e n tro p y  
s b y . th e  a p p r o p r ia te  n u m b e r  o f  m o lecu les, i.e.

s . Np(x . y . s ) ^ . d y . ^ .
N b e in g  t h e  n u m b e r  o f m o le c u le s  p e r  c .c . I n te g r a t io n  g iv e s  t h e  t o t a l  
e n tr o p y  S i  c o rre sp o n d in g  t o  t h e  u n s t r e tc h e d  s ta te ,

S j  =  J +  . d y . d z .  (9)

-  CO ^

F o r  th e  d e fo rm e d  s t a t e  c o rre sp o n d in g  t o  a n  e x te n s io n  in  t h e  x  d ire c tio n  
o f  a m o u n t  y ( =  / / / ,  — 1 ) t h e  e n tr o p y  S 'j  is r e p re s e n te d  b y  t h e  in te g ra l  

+ 00
J  j  J  N [C i-fc )3* (* > + y > + « * )]^ e -W a + T )* + { ff '+ a * )( i+ y )ld jr . dy . dz ( lo )

-  CO

in  w h ic h  t h e  e x p o n e n tia l  t e r m  re p re s e n ts  t h e  d is t r ib u t io n  o f m o le c u la r  
le n g th s  a f te r  d e fo rm a tio n . I n te g r a t io n  o f e x p re ss io n s  (9 ) a n d  (1 0 ) le a d s  
t o  th e  approximate re la t io n

S \  _  5,  =  -  . . . .  (II)

E n tr o p y  d u e  to  r ,  a n d  Tg V a lu e s .— T h e  e n tr o p y  th u s  d e te rm in e d , 
re fe r re d  t o  b y  K u h n  a s  t h e  p a r t i a l  e n tr o p y  d u e  t o  th e  v a lu e s , w a s  n o t  
c o n s id e re d  t o  r e p re s e n t  t h e  w h o le  o f t h e  e n tr o p y  c h a n g e  o n  e x te n s io n . H e  
a rg u e d  t h a t  b e s id es  h a v in g  a  "  le n g th  ”  t h e  m o le c u le  m a y  b e  c o n s id e re d  
to  h a v e  a  “  b r e a d th  "  a n d  a  ' '  th ic k n e s s  ”  r̂ , a n d  t h a t  i t  is  n e c ^ s a r y  
to  t a k e  in to  a c c o u n t  a lso  t h e  p a r t i a l  e n tro p ie s  a s so c ia te d  w i th  t h e  a n d  
r* v a lu e s . I f  Z  is  t h e  n u m b e r  o f l in k s  in  th e  c h a in , is  d e f in e d  a s  th e  
d is ta n c e  o f  t h e  m id d le  U nk  fro m  t h e  U ne jo in in g  t h e  e n d s , a n d  y* a s  t h e  
d is ta n c e  o f  l in k s  n u m b e re d  Z /4  a n d  3 .^ /4  (c o u n tin g  f ro m  o n e  e n d  o f  th e  
c h a in )  f ro m  t h e  p la n e  c o n ta in in g  a n d  r,. K u h n 's  m e th o d  o f  p ^ lm la t in g  
t h e  e n tr o p y  d u e  t o  t h e  a n d  f j  v a lu e s  w ill n o t  b e  c o n s id e re d  h e re . T h e  
r e s u l t  i s  t h a t  a n  a d d it ip n a J  e n tr o p y  o f a m o u n t  — N ky*  i s  in tro d u c e d  fo r 
e a c h  o f th e s e  v a lu e s , so  t h a t  t h e  t o t a l  e n tro p y  c h a n g e  o n  e x te n s io n  b eco m es

S '  _  So =  -  -  zN kv*  == -  . . . ( 1 2 )

T h is  le a d s  d ir e c t ly  t o  t h e  s t r e s s - s tr a in  r e la tio n

F  = jNkTy = yNkT{a — 1 ) . . , (13 )



T h is  r e s u l t  d o e s  n o t  a g re e  w ith , t h a t  o f  W a ll  ( e q u a t io n  (5 )), t h e  o n e  r e la tio n  
b e in g  l in e a r  a n d  t h e  o th e r  n o n -lin e a r . T h e  re a so n s  fo r  th is  d isc re p a n c y  
w ill n o w  b e  co n s id e re d .

4. Criticism of Ruhn*s Treatment.
T h e  r ,  a n d  r .  V a lu es^— T h e  p r o b a b i l i ty  fu n c tio n  (1 ) is  d e r iv e d  b y  c o n ­

s id e r in g  t h e  n u m b e r  o f  p o ss ib le  c o n fig u ra tio n s  o f  t h e  m o le c u le  w h e n  o n e  
e n d  i s  f ix ed  a t  t h e  o r ig in  o f  c o -o rd in a te s  a n d  th e  o th e r  is  c o n ta in e d  w ith in  
a  sm a ll  v o lu m e  e le m e n t d ; r . d^^. d? . O n  K u h n 's  b a s is  t h e  e n tr o p y  is 
re d u c e d  o n  e x te n s io n  b e c a u se  th e  n u m b e r  o f p o ss ib le  c o n f ig u ra tio n s  is  
re d u c e d . I n  s t a t in g  t h e  p ro b a b il i ty  i n  t e r m s  o f  h e  in c lu d e s  a ll  p o ss ib le  
c o n f ig u ra tio n s , a n d  th e re fo re  a ll  p o ss ib le  v a lu e s  o f a n d  r , .  T h e  r ,  a n d  
f* v a lu e s  c a n n o t  b e  c o n s id e re d  t o  h a v e  a n  e x is te n c e  in d e p e n d e n t ly  of 
a n d  to  a t t r i b u t e  a  s e p a ra te  e n tr o p y  t o  th e m  is  in c o rre c t.

I f  t h e  a n d  v a lu e s  a re  o m it te d ,  e q u a t io n  (1 3 ) b eco m es
F  =  3 N k T y  . . . .  (14)

W a ll’s  e q u a t io n  (5 ) g iv es  fo r  t h e  m o d u lu s  a t  z e ro  e x te n s io n

. . . .  (15)

T h e  m o d ified  fo rm u la  (1 4 ) th u s  a g re e s  w i th  W a ll 's  e q u a t io n  fo r  sufl& ciently 
sm a ll  e lo n g a tio n s .

I t  w ill n o w  b e  s h o w n  t h a t  t h e  re m a iiu n g  d iffe re n ce  b e tw e e n  t h e  re s u l ts  
o f W a il  a n d  o f  K u h n  i s  d u e  to  t h e  in t r o d u c t io n  o f  a n  a p p ro x im a t io n  b y  
th e  l a t t e r  a u th o r .  '

5. Amendment of Kuhn^s Treatment.
(a) E lo n g a tio f i .— F ro m  K u h n ’s  e q u a tio n s  (9 ) a n d  1 0 ) t h e  e n tr o p y  

c h a n g e  o n  e x te n s io n  m a y  b e  w r i t te n  
+ eo

-  Si) =  f  f  f  (;»* +  ;y* +  s*) e ~ 0K<t* + y*+z*)dx . dy . d ? .
NkB* + C0 -®

_  J  j  +  +  +  . d y  . d s  .  (1 6 )

-  00
I n s e r t io n  o f th e  a p p r o p r ia te  v a lu e s  o f  th e  d e f in ite  in te g ra ls  * g iv es

=  I  ^  ^  +  y )’ +  1  +  v _

^ ( S \  -  SO =  I  -  +  F T y ]  ^  “  2 ( “ * +  a  “  3)-

Equation  (1 7 ) is identical with W ail's eqn. (4 ), a n d  le a d s  d ir e c t ly  to  
t h e  s t r e s s - s tr a in  re la t io n  (5 ), w i th o u t  a n y  a p p ro x im a t io n . T h e  a p p ro x im a ­
t io n  in tro d u c e d  b y  K u h n  (v a lid  fo r  sm a ll  v a lu e s  o f  y) w a s  e v id e n t ly  t o  
w r i te

 ̂ =  I _  y 4. y»,

o r

I +  y
a n d  th u s  t o  o b ta in

-  S j) ~  -  |y »  . Ifif. e q u a t io n  (1 1 ))

♦ Jeans, Dynamical Theory of Gases, 3rd  E d . p . 4 3 5 .
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I t  is  o b v io u s  t h a t  t h e  fo rm u la  o f  K u h n  is  v a l id  o n ly  fo r  e lo n g a tio n s  o f  c o n ­
s id e ra b ly  less t h a n  lo o  % . I t  i s  u n f o r tu n a te  t h a t  K u h n  d id  n o t  e m p h a s ise  
t h e  f a c t  t h a t  a n  a p p ro x im a t io n  w a s  in v o lv e d  in  t h e  d e r iv a t io n  o f h is  
a p p a r e n t ly  l in e a r  s tre s s - s tr a in  re la tio n .

(6 ) S h e a r .— A lth o u g h  K u h n  d id  n o t  d e a l  w i th  t h e  sh e a r  d e fo rm a tio n , 
t h is  p ro b le m  a lso  m a y  b e  d e a l t  w i th  b y  h is  m e th o d . W r it in g  t h e  t o t a l  
e n tr o p y  a f te r  sh e a r in g  in  t h e  fo rm

+ 00
S 'l  =  j j  j iV [ c ,  -  +  +  . d y  . da ( i 8 )

-  00

a n d  fo llo w in g  e x a c tly  th e  sa m e  p ro c ess  a s  in  th e  ca se  o f  e lo n g a tio n , w e  
o b ta in

-  SJ =  -  i(a> +  -  a) . . , (19)

w h ic h , o n  s u b s t i tu t io n  o f a fo r  a  — ^  le a d s  t o  W a ll’s  r e s u l t  { e q u a tio n  (7 ))

W  =  ^N kToK

6. Some General Considerations.
T h e  m o re  a c c u ra te  a p p lic a t io n  o f K u h n 's  m e th o d  th u s  le a d s  t o  th e  

s a m e  s t re s s - s tra in  re la tio n s  a s  th o s e  d e r iv e d  b y  W all. T h e  tw o  m e th o d s  
m a y  b e  c o n s id e re d  t o  b e  e q u iv a le n t  m a th e m a tic a l ly ,  s in c e  t h e y  d iffe r  o n ly  
i n  t h e  p a r t ic u la r  s ta g e  o f  t h e  a rg u m e n t  a t  w h ic h  t h e  c o n c e p tio n  o f t h e  
e n tr o p y  is  in tro d u c e d .  W a ll c o n s id e re d  o n ly  t h e  e n tr o p y  t o  1 ^  a sso c ia te d  
w i th  t h e  w h o le  a s se m b ly  o f m o le c u le s ; K u h n , o n  t h e  o th e r  h a n d , c o n ­
s id e re d  t h a t  a n  e n tr o p y  c o u ld  b e  a s so c ia te d  w i th  t h e  in d iv id u a l  m o lecu le . 
W a ll 's  t r e a tm e n t  m u s t  b e  c o n s id e re d  t h e  m o re  s a t is f a c to ry  b e c a u se  i t  
a v o id s  t h e  d iff icu ltie s  e n c o u n te re d  in  a t t e m p t in g  to  a ss ig n  a  p h y s ic a l  
m e a n in g  to  t h e  e n tr o p y  o f a  s in g le  m o lecu le .

A n  e q u a t io n  o f s im ila r  fo rm  to  (5 ) h a s  b e e n  d e r iv e d  in d ep e ijid en tly  b y  
G u th  a n d  Jam es ,*  w h o  s t a te  t h a t  i t  r e p re sw its  t h e  e x p e r im e n ta l  d a t a  fo r  
b o th  e lo n g a tio n  a n d  c o m p re ss io n  o f  r u b b e r  t o  a  c lose  a p p ro x im a t io n . I n  
u s in g  t h e  e q u a t io n s  o f  t h e  k in e t ic  th e o ry ,  h o w e v e r, i t  is  im p o r ta n t  t o  k e e p  
in  m in d  th e  a s s u m p tio n s  w h ic h  fo rm  th e i r  b a s is . I n  K u h n 's  s t a t i s t i c ^  
t r e a tm e n t  o f t h e  p a ia f f in  m o lecu le , f ro m  w h ic h  a ll  t h e  l a t e r  d e v e lo p m e n ts  
h a v e  p ro c e e d e d , i t  is  a s su m e d  t h a t  t h e  d is ta n c e  r  is  sm a ll  c o m p a r t  w i th  
t h e  o u ts t r e tc h e d  le n g th  of^ t h e  c h a in . T h e  fo r m u l*  d e r iv e d  fro m  t h e  
n e tw o rk  th e o r y  w o u ld  th e re fo re  n o t  b e  e x p e c te d  t o  a p p ly  to  a  s t a te  of 
d e fo rm a tio n  in  w h ic h  a n y  im p o r ta n t  f r a c t io n  o f t h e  m o le c u le s  w e re  n e a r ly  
fuU y  e x te n d e d . T h e y  c a im o t  th e re fo re  b e  e x p e c te d  t o  a c c o u n t  a c c u ra te ly  
fo r  t h e  w h o le  o f t h e  s t r e s s - s tr a in  c u rv e  o f ru b b e r .

I t  is  in te r e s t in g  t o  n o te  t h a t  e q u a t io n s  (5 ) a n d  {7 ) c o n ta in ,  im p lic i t ly , 
M , t h e  “  m o le c u la r  w e i g h t "  b e tw e e n  ju n c t io n  p o in ts ,  b u t  d o  n o t  sp e c i­
fic a lly  c o n ta in  Z, t h e  n u m b e r  o f  l in k s , o r  9, t h e  su p p le m e n t o f t h e  v a le n c e  
a n g le  (w h ich  a r e  in c lu d e d  in  t h e  p a r a m e te r  ^  (e q u a tio n  ( la ) ) .  T h e  e q u a ­
t io n s  w o u ld  th e re fo re  n o t  b e  a f fe c te d  if  t h e  f re e d o m  o f r o t a t i o n  a b o u t  
b o n d s  w e re  im p e rfe c t ,  s in ce , a s  K u h n  h a s  show n ,*  a  c h a in  o f  Z  l in k s 
p o ssess in g  h in d e re d  r o t a t i o n  is  e q u iv a le n t  t o  a  c h a in  c o n ta in in g  a  sm a lle r  
n u m b e r  Zj$  o f  f re e ly  r o ta t in g  l in k s  (w h ere  s is  a  sm a ll  n u m b e r) , p ro v id e d , 
o f co u rse , th e r e  a r e  stiU  e n o u g h  e f ie c tiv e  l in k s  to  ju s t if y  t h e  a p p lic a t io n  of 
s ta t i s t i c a l  m e th o d s . T h e  sa m e  a r g u m e n t  sh o w s t h a t  t h e  e la s t ic  p ro p e rt ie s  
o f  t h e  n e tw o rk  w ill n o t  b e  afEected  b y  t h e  p re se n c e  o f a  p r o p o r t io n  o f  n o n ­
r o t a t i n g  b o n d s , s u c h  a s  th e  C  =  C  b o n d  in  ru b b e r .



Summary. t
T h e  t r e a tm e n t  o f  t h e  e la s t ic i ty  o f  a  m o le c u la r  n e tw o rk  b y  th e  m e th o d  

o f W a ll  is  d isc u sse d  a n d  c o m p a re d  w i th  t h e  e a r l ie r  t r e a tm e a t  o f  K u h n . 
I t  is  sh o w n  t h a t  a  m o re  a c c u ra te  a p p lic a t io n  o f K u h n ’s m e th o d  le a d s  t o  
fo rm ulae  fo r  e lo n g a tio n  a n d  sh e a r  in  a g re e m e n t w i th  th o s e  o f W all.

The author desires to acknowledge his indebtedness to Dr. J . K. 
Roberts, for several helpful discussions during the preparation of this 
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rubber undertaken by the Board of the British Rubber Producers’ 
Research Association.
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