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I n  th e  se c o n d  p a p e r  o f  th is  se rie s   ̂ t h e  s ta t i s t ic a l  th e o ry  o f  W a ll w as 
d e v e lo p e d  to  t a k e  a c c o u n t  o f  th e  m o s t  g e n e ra l ty p e  o f  h o m o g en e o u s  d e ­
fo rm a t io n  o f  a  ru b b e r ,  a n d  a  s im p le  e q u a t io n  w a s  d e r iv e d  g iv in g  t h e  free  
e n e rg y  o f  d e fo rm a tio n  in  t e rm s  o f  th e  th re e  p r in c ip a l  s tra in s .  I t  w as 
p o in te d  o u t  t h a t  th is  e q u a t io n  w o u ld  n o t  b e  e x p e c te d  to  a p p ly  t o  a  re a l  
r u b b e r  w h e n  a n y  o f  th e  p r in c ip a l  s t r a in s  w a s  v e ry  la rg e , o w in g  to  th e  
f a c t  t h a t  th e  fo rm u la  fo r  t h e  d is t r ib u t io n  o f  m o le c u la r  le n g th s , o n  w h ic h  
i t  is  b a se d , is  n o  lo n g e r  a p p lic a b le  i f  a n  im p o r ta n t  f ra c t io n  o f  th e  m o lecu les  
a r e  e x te n d e d  to  a  p o in t  a p p ro a c h in g  th e i r  m a x im u m  o u ts t r e tc h e d  le n g th . 
L a t e r  e x p e r im e n ta l  w o rk  • c o n firm ed  t h a t  th e  th e o re t ic a l  e q u a t io n s  w ere  
in  re a so n a b ly  g o o d  a g re e m e n t w i th  e x p e r im e n ta l  d a t a  a t  sm a ll  o r  m o d e ra te  
s tra in s ,  b u t  n o t  a t  v e ry  la rg e  s tra in s .

I n  o rd e r  t o  e x te n d  th e  th e o r y  to  c o v e r  th e  w h o le  ra n g e  o f  p o ss ib le  
s t r a in s  w h ic h  c a n  b e  a p p lie d  t o  ru b b e r ,  i t  is  n e c e ssa ry  t o  m a k e  u se  o f  
t h e  m o re  a c c u ra te  d is t r ib u t io n  fu n c tio n s  w h ic h  h a v e  sin ce  b e en  w o rk e d  
o u t.*  I t  is  th e  p u rp o se  o f  th e  p re s e n t  p a p e r  t o  sh o w  h o w  th is  m a y  b e  
a c h ie v e d , a n d  t o  p re s e n t  th e o re t ic a l  c u rv e s  w h ic h  r e p re s e n t  th e  s ^ e s s -  
s t r a in  p ro p e r t ie s  o f  a n  ideal r u b b e r  o v e r  th e  w h o le  ra n g e  o f  d e fo rm a tio n s . 
I t  is  n o t  p o ^ ib le  t o  d e r iv e  a  g e n e ra l a lg e b ra ic a l e q u a t io n  c o v e rin g  a n y  
ty p e  o f  s t r a in ,  a s  w a s  d o n e  fo r  t h e  s im p le r  c ase  o f  sm a ll  o r  m o d e ra te  
s t r a in s ,  b u t  i t  a p p e a r s  t o  b e  n e c e ssa ry  to  w o rk  o u t  e a c h  ty p e  o f  s t r a in  in  
d e ta i l .  T h e  t y ^  o f s t r a in  c o n s id e re d  a re  t h e  s im p le  e lo n g a tio n  a n d  
2 -d im e n s io n a l e x te n s io n  (o r c o m p ress io n ).

T w o  p o ss ib le  lin e s  o f a t t a c k  o n  th e  p ro b le m  o f  in c o rp o ra tin g  th e  e ffec t 
o f  t h e  “  n o n -G a u ss la n  ”  p r o b a b il i ty  d is t r ib u t io n s  o f  m o le c u la r  le n g th  
(or, b rie fly , “  n o n -G a u ss ia n  c h a in s  ”) w ere  c o n s id e re d . T h e  f ir s t  w a s  o n  
th e  b a s is  o f  W a ll 's  * th e o ry ,  a n d  th e  seco n d  o n  th e  b a s is  o f  F lo ry  a n d  
R e h n e r ’s “ l a te r  th e o ry .  T h e  fo rm e r  w as n o t  p ro c e e d e d  w ith ,  o n  a c c o u n t 
o f  c e r ta in  difl&culties t o  w h ic h  n o  v e ry  s a t is f a c to ry  so lu tio n  w a s  fo u n d . 
I t  w ill b e  su ff ic ie n t t o  in d ic a te  h e re  t h a t  th e s e  d ifficu ltie s  w e re  m a in ly  
a s so c ia te d  w i th  th e  p ro b le m  o f h o w  to  fo rm u la te  th e  d is t r ib u t io n  o f  
c h a in  le n g th s  c o rre sp o n d in g  to  t h e  d e fo rm e d  s ta te .  I t  c a n  n o  lo n g e r  
b e  a s su m e d  t h a t  th e  c h a in  c o m p o n e n ts  c h a n g e  o n  d e fo rm a tio n  in  th e  
sa m e  r a t io  a s  th e  b u lk  ru b b e r ,  a s  w a s  d o n e  in  th e  c ase  o f  G a u ss ia n  c h a in s .

F lo ry  a n d  R e h n e r ’s  m o d e l, o n  th e  o th e r  h a n d , in v o lv e s  t h e  in tro d u c ­
t io n  o f  n o  n e w  p rin c ip le , w h e n  a p p lie d  t o  n o n -G a u ss ia n  c h a in s , a n d  fo r  
t h is  re a so n  w a s  c h o se n  a s  a  b a s is  fo r  th e  p re s e n t  w o rk .

B e fo re  th e  n o n -G a u ss ia n  c ase  is  c o n sid e red , t h e  o r ig in a l a n a ly s is  of 
F lo ry  a n d  R e h n e r  fo r  G a u ss ia n  c h a in s  w ill b e  e x te n d e d  a n d  g e n e ra lise d . 
I t  w ill b e  sh o w n  t h a t  th e  m o d e l le a d s  to  t h e  s a m e  g e n e ra l e q u a t io n  fo r  th e  
free  e n e rg y  o l  d e fo rm a tio n  a s  h a d  p re v io u s ly  b e e n  o b ta in e d  o n  th e  b a s is  
o f  W a ll 's  th e o ry .

‘ T reloar, Trans. Faraday Soc., 1 9 4 3 . 3 9 * 2 4 1 . •T re loar, 1 9 4 4 , 4 0 ,3 9 '
* T reloar, ibid., in press. * W all, J. Chem. Physics, 1 9 4 2 . 4 8 5 *
• F lo ry  a n d  R ehner, ibid., 1 9 4 3 . I I ,  5 1 2 .



The Flory-Rehner Model for G aussian Chains.
T h e  F lo ry -R e h n e r  m e th o d  in v o lv e s  th e  c a lc u la tio n  o f th e  e n tro p y  

o f  fo rm a tio n  o f  a  n e tw o rk  o f m o lecu les  o f  e q u a l  c o n to u r  o r  c h a in  le n g th . 
F o u r  c h a in s  a re  a s su m e d  to  ra d ia te  f ro m  e a c h  p o in t  o f c ro ss-lin k ag e , a n d

i t  is  a s su m e d  t h a t  t h e  r e s t r a in ts  im p o se d  o n  
a n y  g iv e n  ju n c t io n  p o in t  b y  th e  re m a in d e r  o f 
t h e  n e tw o rk  w ill n o t  b e  a f f ^ t e d  b y  fix in g  th e  
fo u r  n e a re s t-n e ig h b o u r  ju n c t io n  p o in ts  a t  th e i r  
a v e ra g e  p o s itio n s , i .e .,  a t  th e  c o m e rs  o f  a  
re g u la r  te t r a h e d r o n ,  F ig . i .  I t  is  f u r th e r  
a s su m e d  t h a t  t h e  m e c h a n ic a l p ro p e r t ie s  o f  th e  
n e tw o rk  c a n  b e  c o m p u te d  fro m  th o s e  o f  th is  
“  a v e ra g e  ”  cell o f  fo u r  c h a in s , a n d  t h a t  th e  
d im e n s io n s  o f t h is  cell a re  c h a n g e d  b y  th e  
d e fo rm a tio n  in  th e  s a m e  r a t io  a s  th e  d im e n sio n s  
o f th e  b u lk  ru b b e r .

T h e  s ig n if ic a n t s te p  in  th e  c a lc u la tio n  o f  th e  
e n tr o p y  o f fo rm a tio n , in  c o n n e c tio n  w ith  th e  
p re s e n t  p ro b le m , is  t h a t  w h ip h  c o n ce rn s  th e  
ju n c t io n  o f  t h e  fo u r  c h a in s  c o n v e r g in g  fro m  
th e  f ix ed  c o m e rs  o f th e  te t r a h e d r o n .  T h e  
p ro b a b il i ty  t h a t  th e s e  fo u r  c h a in s  sh o u ld  m e e t 
in  a  g iv e n  sm a ll  v o lu m e , Lr =  dx dy  d ^  m a y  b e  
w r i t te n  ♦

F ig. I . — T̂he Flory-Rehner 
tetrahedral model.

m{x. y ,  z){dx d:y d2 )* =  'P f  W {xiyi Zi)dxi dyi dzi (I)

w h e re  x%yiZi a re  th e  c o -o rd in a te s  o f  th e  sa m e  v o lu m e  e le m e n t At re fe rre d , 
re sp e c tiv e ly , to  th e  fo u r  c o m e rs  A , B , C , D  o f th e  te t r a h e d r o n .  F o r  
G a u ss ia n  c h a in s  w e h a v e

W [ x ,y .z )  =  ^ ^ e - ^ ’̂  + y' + ‘‘)d x d y d s  . . . (z)

a n d  in  th is  sp e c ia l case , e q n . ( i )  re d u c e s  to  th e  fo rm

0i{x, y , z )  =  ?-^ e x p  [ -  J . (3)
• - X

T h e  q u a n t i t y  £ri* h a s  t o  b e  e v a lu a te d  a t  a ll  p o in ts  o f  sp a c e . I n te g r a t io n  
th e n  g iv e s , th e  p ro b a b il i ty  o f th e  fo u r  c h a in s  m e e tin g  a n y w h e re  in  sp a c e  
a n d  c o n se q u e n tly  th e  e n tro p y  c o rre sp o n d in g  to  th e  fo rm a tio n  p ro cess . 
T h is  e n tr o p y  is  c a lc u la te d  b o th  fo r  t h e  s t r e tc h e d  a n d  u n s tr e tc h e d  s ta te s .  
T h e  d iffe ren ce  is  th e  re q u ire d  e n tr o p y  o f  d e fo rm a tio n ,

F lo ry  a n d  R e h n e r  c o n s id e r  t h e  a p p h c a tio n  o f  a  s im p le  e lo n g a tio n  a  
m  tw o  sp e c ia l d ire c tio n s  w ith  re sp e c t  t o  th e  cell, n a m e ly  a lo n g  O Y  a n d  
O Z  (F ig . i )  a n d  sh o w  t h a t  th e  r e s u l ta n t  e n tro p y  is  th e  s a m e  in  e a c h  o f  
th e s e  cases. T h e y  p o in t  o u t  t h a t ,  s t r ic t ly ,  a n  a v e ra g e  sh o u ld  b e  ta k e n  
o v e r  a ll  p o ss ib le  d ire c tio n s  o f  th e  e lo n g a tio n , b u t  m a k e  th e  re a so n a b le  
a s s u m p tio n  t h a t  th e  re s u l t  o b ta in e d  fo r  t h e  tw o  sp e c ia l d ire c tio n s  m a y  b e  
t a k e n  to  r e p re s e n t  th is  a v e ra g e .

I n  th e  fo llo w in g  t r e a tm e n t ,  F lo ry  a n d  R e h n e r ’s a n a ly s is  w ill b e  e x te n d e d  
in  tw o  w a y s , n a m e ly  :

(1) B y  th e  a p p lic a t io n  o f th e  m o s t  g e n e ra l ty p e  o f  h o m o g en eo u s  
d e fo rm a tio n , a n d

(2 ) B y  e s ta b lish in g  t h a t  th e  e n tr o p y  o f  d e fo rm a tio n  is  th e  s a m e  fo r 
a l l  p o ss ib le  d ire c tio n s  o f  th e  p r in c ip a l s t r a in s  w i th  re sp e c t  t o  th e  t e t r a ­
h e d ra l  cell.

•  F lo ry  a n d  R eh n er's  n o ta tio n  has been sligh tly  modified.



S u p p o se  th e  p o s it io n s  o f  th e  c o rn e rs  A , B , C, D  to  b e  d e fin ed  o r ig in a lly  
w i th  re s p e c t  t o  t h e  c o -o rd in a te  sy s te m  O X , O Y , O Z , t h e  o r ig in  b e in g  a t  
th e  c e n tre  o f  th e  te t r a h e d r o n ,  O X  p a ra l le l  t o  D C  a n d  O Z  p e rp e n d ic u la r  
t o  th e  p la n e  B C D . T h e  a v e ra g e  le n g th  o f e a c h  c h a in  in  th e  u n d e fo rm e d  
s t a te  is  O A  =  A.

T h e  g e n e ra l  h o m o g en e o u s  d e fo rm a tio n  m a y  b e  d e sc rib e d  b y  s t r e tc h e s  
in  t h e  f a t i o  a ,  a n d  ag in  th r e e  m u tu a l ly  p e rp e n d ic u la r  d ire c tio n s , O X ',  
O Y ',  O Z '— th e  p r in c ip a l  a x e s  o f  s t r a in .  I t  v ^ l  b e  a s su m e d  t h a t  th ese , 
a x e s  a re  re la te d  t o  O X , O Y , O Z b y  th e  d ire c tio n  co sin es (Zj, m ,, % ), (/j.

^i)> (^«. « , )  re sp e c tiv e ly . I f  a  p o in t  P  h a s  c o -o rd in a te s  {x. y ,  z)
re fe r re d  to  O X , O Y , O Z , i ts  c o -o rd in a te s  {x', y \  z') re fe r re d  to  O X ',  O Y ', 
O Z ' a re  g iv e n  b y  th e  re la tio n s

x ' =  h x  +  l,y  +  1 ^
y ' =  tn^x -I- -i-
z ' =  n^x  +  «ty +  «»?.

T h e  c o -o rd in a te s  o f  th e  p o in ts  A , B , C , D  in  th e  s t r a in e d  s ta te ,  re fe rre d  
to  O X ',  O Y ', O Z ' m a y  th u s  b e  sh o w n  to  b e  th e  fo llo w in g  :

F o r  A ;
x J X  =  a i / „  y J X  =  a^m ,, =  a ,« , .

F o r B ;

F o r C :

F o r D :

x j \  =  (2V 2^a/3  — ^ /3 )« 1  
>»,/A =  (2 %/2 w , / 3  -  m 8/ 3 ) a j

=  (2 \ / 2 «a/3  -  «8 /3)«a

^ ./A  =  (V 2 Z ,/V 3  -  a/ 2 / , / 3  -  / ./3 )« 1  
y ,/A  =  (V 2 » H j/V 3  -  V 2 W ./3  -  m , /3 ) a ,  
zJX  =  ( v '2 « i / v '3  -  v^2 n , / 3  -  n , / 3 )ot8

=  ( -  V 2 Z i/V 3  “  V 2Z ,/3 -  h b ) ^ i .  e tc .
W e  h a v e  n o w  to  t a k e  a n y  p o in t  P ,  h a v in g  c o -o rd in a te s  {x\ y ',  z') a n d  * 
fin d  -= PA> +  PB > +  P C “ +  P D V  (C /. e q n . (3 ).)

PAVA* =  {x'lX -  Zsa,)* +  {y'[X -  -H {z'jX -  « ,aa)«
PB*/A* =  Ix'fX ~  {2 V 2 h is  -  ^ /3 )« i l*  +  . . .
PCVA* =  [x'/X -  { V 2 I J V S  -  V 2 / . / V 3  -  / ./3 )« » ]‘ +  . . .
PDVA« =  [ x '/X ^  iV 2 l , I V 3  +  V 2 I J V 3  -  ^ /3 ) « . ] ‘ +  • ■ •

so  t h a t

I, -  (2 V 2 ia /3  -  hb)
-  {V2U V 3 -  </2ltb -  hb)  +  (V 2 /x /V 3  +  V 2 / . /3  -  ^3/3 )]
+  -  l ,/3 )*  +  ( V 2 ^ , / V 3  -  V 2 i , /3  -  ^ / 3 ) ‘
- f  ( v '2 ; , / i / 5 H -  V 2 r ./3  +  Z ,/3)“]

+  s im ila r  e x p re s s io t\s 4n  y '  a n d  z', le a d in g  to

=  4^ '‘ +  f«i*A«(/i* +  /,» +  /,>) +  - . .
=  4 [ (^ '‘ +  / •  +  

sin ce  /i* -f- Z,* 4 - Z,* =  i ,  e tc . ^

T h u s  =  4 [5« +  A « ( « / +  a,»  +  * ,> )/3]  . '  . ' . (4 )
w h e re  s is th e  d is ta n c e  o f  P  fro m  th e  o rig in .

T h e  e x p re ss io n  (4 ) re p la ce s  e q n . ( 1 7 ) in  F lo ry  a n d  R e h n e r 's  paper.® 
I f  th is  is  in s e r te d  in  e q n . (3 ) a n d  th e  in te g ra t io n  is  c a r r ie d  o u t  in  th e  m a n n e r  
d e sc rib e d  in  th e i r  p a p e r , t a k in g  A* =  3 / 2 ^* th e  e x p re ss io n  fo r  th e  e n tro p y  
o f d e fo rm a tio n  b eco m es

A 5  =  -  iNk(cc,‘ +  a,* -i- a«* -  3 ) . • • (5)
in  w h ic h  N  is th e  n u m b e r  o f  m o le c u la r  c h a in s . T h e  e n tr o p y  o f d e fo rm a ­
t io n  is  th u s  p ro v e d  to  b e  in d e p e n d e n t  o f  t h e  d ire c tio n  cosin es o f th e



p rin c ip a l  a x e s  o f s t r a in .  F lo ry ’s ex p re ss io n  (1 9 ') is a  sp e c ia l c ase  o f  th e  
m o re  g e n e ra l fo rm  (5 ), o b ta in e d  b y  p u t t in g  a j  =  a , a* =  a j  =  a " i .  T h e  
free  e n e rg y  o f  d e fo rm a tio n , fV. is  o b ta in e d  d ire c tly  f ro m  (5 ),

W  =  iN k T io c ,^  +  +  a ,*  -  3) ■ • • (&)

T h is  fo rm u la  is id e n tic a l  w i th  t h a t  d e r iv e d  in  I I  o n  th e  b a s is  o f W a ll’s 
th e o ry .  I n  th e  p re v io u s  d e r iv a tio n , h o w e v er, i t  w a s  n e c e ssa ry  t o  a ssu m e  
t h a t  th e  v o lu m e  re m a in e d  c o n s ta n t  u n d e r  d e fo rm a tio n . T h is  a s su m p tio n  
is  n o t  in v o lv e d  in  t h e  p re s e n t  a rg u m e n t.

H a v in g  n o w  e s ta b lish e d  th e  e q u iv a le n c e  o f th e  m e th o d s  o f  F lo r y  
a n d  R e h n e r  a n d  o f  W a ll w i th  r e g a rd  to  G a u ss ia n  c h a in s , a n d  h a v in g  sh o w n  
t h a t  th e  g e o m e tric a l r e la tio n  o f th e  e le m e n ta ry  cell t o  t h e  a x e s  o f s t r a in  
m a k e s  n o  d iffe ren ce  t o  th e  re s u l ts ,  w e  m a y  p ro c ee d  w ith  m o re  co n fid en ce  
to  th e  a p p lic a t io n  o f  F lo ry  a n d  R e h n e r 's  m o d e l t o  th e  m o re  c o m p le x  
c a se  o f  n o n -G a u ss ia n  c h a in s .

The Flory-Rehner Model for N on-G aussian Chains.
T h e  o n ly  d iffe ren ce  in v o lv e d  in  t h e  a p p lic a t io n  to  n o n -G a u ss ia n  c h a in s  

is  t h a t  in  p lac e  o f  th e  d is t r ib u t io n  re p re se n te d  b y  e q u a t io n  (2 ), w e  h a v e

w h ere  P(r) is  th e  d is t r ib u t io n  fu n c tio n  fo r th e  ra n d o m  c h a in , e v a lu a te d  
in  th e . p re c e d in g  p ap er.*  I n  th e  n o n -G a u ss ia n  re g io n  e q n . ( i )  n o  lo n g er 
re d u c e s  t o  (3 ), a n d  c o n s e q u e n tly  at(x, y , s) is  n o t  s im p ly  a  fu n c tio n  o f  Zr,*.

I n  p rin c ip le , i t  is  n e c e s sa ry  to  fin d  a/(r, y , s), w liich  is  t h e  p r o d u c t  o f  
th e  s e p a ra te  p ro b a b il i t ie s  t h a t  e a c h  o f  th e  fo u r  c h a in s  sh o u ld  te r m in a te  
in  th e  v o lu m e  e le m e n t a t  P , a t  a ll p o in ts  in  sp a c e , a n d  to  in te g ra te  o v e r  
t h e  w h o le  v o lu m e . T h e  re s u l t  w o u ld  g iv e  th e  re q u ire d  p ro b a b il i ty  o f  
t h e  fo u r  c h a in s  m e e tin g  a n y w h e re  in  sp a c e . I f  i t  w as d e s ired  t o  o b ta in  
a  c o m p le te  s tre s s - s tr a in  re la tio n , i t  w o u ld  b e  n e c e ssa ry  t o  c a r r y  o u t  th is  
c a lc u la tio n  a t  a  n u m b e r  o f  d if fe re n t s tra in s .

S u c h  a  p ro c e d u re  m ig h t  w ell a p p e a r  im p o ss ib ly  la b o rio u s , b u t  in  p ra c t ic e  
i t  is  p o ss ib le  t o  in tro d u c e  a p p ro x im a tio n s  w h ic h  g r e a t ly  re d u c e  th e  a m o u n t  
o f  w o rk  in v o lv e d . T h e  p r in c ip le  a d o p te d  w a s  to  lo c a te  b y  t r ia l  th e  p o in t  
a t  w h ic h  th e  p r o b a b il i ty  d e n s i ty  o>{x, y , z) w a s  a  m a x im u m , a n d  th e n  to  
e x p lo re  t h e  v a r ia t io n  o f  w along  t h e  d ire c tio n s  o f  t h e  th r e e  c o -o rd in a te  
a x es , ta k in g  th is  p o in t  a s  o r ig in . I n  th e  c ase  o f  G a u ss ia n  c h a in s , a s  w ill 
b e  se e n  fro m  e q n . (4 ), t h e  p o in t  o f  m a x im u m  p ro b a b il i ty  d e n s i ty  is  a t  th e  
c e n tre  o f  t h e  te t r a h e d r o n ,  a n d  th e  v a r ia t io n  o f  a> m a y  b e  e x p re sse d  in  
t e rm s  o f  th e  m a x im u m  p ro b a b il i ty  d e n s i ty  to„ a n d  th e  d is ta n c e  s f ro m  th e  
c e n tr e  b y  th e  G a u ss ia n  fo rm u la

Oi =  .  .  . .  (7)

w h ich  sh o w s th e  v a r ia t io n  o f  p ro b a b il i ty  to  b e  sp h e r ic a lly  s y m m e tr ic a l  
a n d  in d e p e n d e n t  o f  s t r a in .  F o r  n o n -G a u ss ia n  c h a in s , o n  th e  o th e r  h a n d , 
i t  is  fo u n d , w h e n  th e  c a lc u la tio n s  a re  c a r r ie d  o u t ,  t h a t  th e  v a r ia tio n  is  n o  
lo n g e r  sp h e r ic a lly  sy m m e tr ic a l.  T h e  v a r ia t io n  a lo n g  a n y  o n e  d ire c tio n , 
h o w e v e r, re m a in s  a p p ro x im a te ly  G a u ss ia n , e v en  th o u g h  th e  r a te  o f  fa ll 
is  d if fe re n t a lo n g  th e  th re e  d ire c tio n s  ch o sen . I n  th is  w a y  th e r e  a re  
o b ta in e d  th r e e  e q u a t io n s  o f  th e  ty p e

-  oio'e-4A*»* . . . .  (8 )

F ro m  (7 ) th e  t o ta l  p ro b a b il i ty ,  in  th e  G a u ss ia n  case , is  p ro p o r t io n a l  to

Q -  e -  ~  . . . (9 )



T h e  c o m p a ra b le  e x p re ss io n  fo r  th e  n o n -G a u ss ia n  c ase  w as a s su m e d  to  b e

T O .  • • • • U o)

c o rre sp o n d in g  to  a n  e ll ip so id a l d is t r ib u t io n  o f  p ro b a b il i ty  d e n s i ty .  T h e  
e n tr o p y  c h a n g e  in  d e fo rm a tio n  is t h u s  d e p e n d e n t  o n  tw o  te rm s , i.e.,

T  =  • • ■ <">
o f  w h ic h  th e  f ir s t  r e p re se n ts  th e  p ro b a b il i ty  a t  th e  m a x im u m , w h ic h  m a y  
b e  c a lled  t h e  “  in te n s i ty  f a c to r ,”  w h ils t  th e  se c o n d , o r  “  v o lu m e  fa c to r  ”  
re p re s e n ts  th e  r a te  a t  w h ich  th e  p ro b a b il i ty  fa lls  a w a y  o n  m o v in g  o u tw a rd s  
fro m  th e  m a x im u m .

T h e  fo reg o in g  a n a ly s is  o f  th e  s p a t ia l  d is t r ib u t io n  o f  p r o b a b il i ty  d e n s ity , 
th o u g h  a d m i t te d ly  o n ly  a p p ro x im a te ,  is q u i te  a d e q u a te  fo r  t h e  p u rp o se . 
T h e  re a so n  is  t h a t  th e  seco n d  te r m  in  {1 1 ) is fo u n d  to  be , in  a ll  cases, v e ry  
sm a ll  c o m p a re d  w ith  th e  f irs t. T h u s  fo r  2 5 - l in k  c h a in s , t h e  “  v o lu m e  
fa c to r  ”  n e v e r  a c c o u n te d  fo r  m o re  t h a n  3  %  o f th e  t o ta l  e n tr o p y  c h an g e , 
w h ils t  fo r  lo o - lin k  c h a in s  i ts  m a x im u m  c o n tr ib u t io n  w a s  a lw a y s  less t h a n
I  %  o f t h e  w h o le . T h e  a m o u n t  o f w o rk  in v o lv e d  in  c a lc u la tin g  th e  s p a t ia l  
d is t r ib u t io n ,  e v e n  in  th is  a p p ro x im a te  m a n n e r , is  t h u s  ju s t if ie d  r a th e r  
b y  th e  d e s ire  fo r  th e o re tic a l  c o m p le te n ess  t h a n  o n  a c c o u n t  o f  i t s  p ra c t ic a l  
sign ifican ce .

S im ple E longation .
I n  th e  n o n -G a u ss ia n  c ase  i t  is  n o  lo n g e r t r u e  t h a t  th e  e ii t ro p y  c h a n g e  

w ill b e  in d e p e n d e n t  o f  th e  d ire c tio n  o f  th e  e lo n g a tio n  w i th  re s p e c t  t o  th e  
te t r a h e d r o n ,  a n d  th e  ch o ice  o f th is  d i re c tio n  h a s  t o  b e  m a d e  a r b i t r a r i ly .

T A B L E  I.— S im p le  E lo n g a t io n .  
C alculated  values of A S /2 /c(a* +  2 / a  — 3 ) fo r 4 -chain cell. 25 a n d  10 0 .

n - 25. 100.

-d S - d SOb« alKa* +  8/a -  3)’ 2li(a« +  2 /a -3 )‘

1-5 i-oo. 2 0 ICO,
2 0 1 -0 2 , 2-5 I'OOf
2-5 1 0 4 , 3*0 I-OI,
3-0 1-074 4*0 1 0 3 ,

3-5 I-II* 5*0 1 0 5 4
4 0 1-16 7 6*0 i*o8j
4*5 I-25l 7*0 I I 2 *
4-75 I 310 8 0 1 -1 7 ,

5*0 1 -38 , 9 0 1*256
5 2 5 1*480 lO'O 1*394
5*5 1 6 3 n o 1*63
5*75 1-88 11*5 1-8 9
5-85 2 0 3

A few  c a lc u la tio n s  w ere , h o w ev er, m a d e  fro m  w h ic h  so m e  id e a  o f  th e  
e ffe c t o f s t r e tc h in g  in  o th e r  d ire c tio n s  m a y  b e  o b ta in e d .

T h e  s t r e tc h in g  d ire c tio n  c h o se n  w a s  gilong O X  (F ig , 1 ). T h e  c o m e rs  
o f t h e  t e t r a h e d r a l  ce ll w ere  a s su m e d  to  m o v e  in  su c h  a  w a y  t h a t  th e i r  
^ -c o -o rd in a te s  c h a n g e d  in  th e  r a t io  a  w h ils t  th e i r  y-  a n d  ^-co> ord ina tes



c h a n g e d  in  th e  r a t io  a~*. T h e  e n tro p y  w a s  c a lc u la te d  a t  a  n u m b e r  o f 
v a lu e s  o f  a . F o r  th e  G a u ss ia n  re g io n  th is  e n tro p y  h a s  th e  v a lu e
— 2 /c(a* - f  2 / a  — 3 ) ; i t  is  c o n v e n ie n t, th e re fo re , to  e x p re ss  t h e  c a l­
c u la te d  e n tr o p y  A 5  in  th e  fo rm  o f th e  r a t io  w h ic h  i t  b e a rs  t o  th e  q u a n t i ty  
2 /c(a> +  2 / a  — 3 ). T h ese  r a tio s  a re  g iv en  in  T a b le  I .

F ig. 2.

Sim ple e longa­
tion . T he function  
FJNkT  fo r a  n e t­
w ork of random  
chains of 25 a n d  
10 0  links.

I t  is  in te re s t in g  to  n o tic e  t h a t  th e  fu n c tio n s  A5 / 2 /c(a* -|- 2 / a  — 3 ) 
fo r  th e  tw o  d if fe re n t c h a in  le n g th s  a re  o f  s im ila r  fo rm  a n d  d iffe r  o n ly  in  
th e  r a n g e  o f  a  c o v e re d . E sp e c ia lly  is  t h is  t r u e  w h e n  a  is  la rg e , t h e  v a lu e  
o f  th e  fu n c tio n  fo r  n =  25  a t  a  g iv e n  v a lu e  o f  a  b e in g  a lm o s t  e x a c tly  
t h e  sa m e  a s  fo r  «  =  1 0 0  a n d  tw ice  t h a t  v a lu e  o f  a . T h is  p ro p e r ty  w o u ld  
b e  u se fu l i f  i t  w e re  re q u ire d  to  in te rp o la te  fo r  o th e r  v a lu e s  o f  n.

T h e  te n s ile  fo rce  is  p ro p o r t io n a l  t o  — d A S /d a , a n d  th e  m o s t  d i r e c t  
w a y  o f  o b ta in in g  th is  is  f ro m  th e  s lo p e  o f  th e  c u rv e  o f  A S  p lo t te d  a g a in s t  
a . H o w ev e r, i t  is  m o re  a c c u ra te  t o  d e r iv e  th e  fo rce  in d ire c tly , f ro m  a  
p lo t  o f t h e  a b o v e  fu n c tio n  A S /2 /c(a* H- 2 / a  — 3 ) a g a in s t  a . I f  t h is  fu n c tio n  
is d e n o te d  b y  a i t  is  e a s y  to  sh o w  t h a t

i d A 5  
k  d a

.d<7
. ( 1 2 )2 ( a *  -f- 2 / a  -  3 ) ^  -f- 4 ( a  -  i / a « ) o  .

T h e  v a lu e s  o f  d a /d a  w ere  o b ta in e d  b y  d ra w in g  a  sm o o th  c u rv e  th ro u g h  
th e  p o in ts  g iv e n  in  T a b le  I ,  a n d  fin d in g  i t s  slo p e  a t  th e s e  p o in ts . T h e  
a d v a n ta g e  o f  th is  m e th o d  is  t h a t  d A 5 /d «  is  o b ta in e d  a s  th e  su m  o f  tw o  
te rm s , o f  w h ic h  o n ly  th e  f ir s t  (w h ich  is  g e n e ra lly  th e  sm a lle r) in v o lv e s  
t h e  s lo p e  ta k e n  fro m  th e  c u rv e . I f  F  is th e  te n s ile  fo rce  p e r  s q u a re  cm .



o f  th e  o r ig in a l c ro ss-sec tio n  o f  th e  b u lk  ru b b e r ,  a n d  if  N  is th e  n u m b e r  o f 
m o le c u la r  c h a in s  p e r  c .c ., w e  h a v e  th e n

F  1 dA S
N k T  4 /e da '  * ' '

s in ce  th e  t e t r a h e d r o n  c o n ta in s  fo u r  c h a in s .
T h e  fu n c tio n s  F jN k T  a re  re p ro d u c e d  in  F ig . 2 .
E ffec t o f  D if fe re n t D ire c t io n s  o f  E x te n s io n .— D ifferen ces b e tw e e n  

d if fe re n t  d ire c tio n s  o f  e x te n s io n  b e co m e  in c re a s in g ly  s ig n if ic a n t w i th  
in c re a s in g  e x te n s io n . H o w e v e r , th e s e  d iffe ren ces a ffe c t o n ly  th e  d e ta i l  
o f t h e  s tre s s - s tra in  c u rv e , a n d  n o t  i t s  g e n e ra l sh a p e . F o r  th e  ^ -d ire c tio n , 
w h ic h  d iffe rs  m o s t se r io u s ly  fro m  th e  ;v -d irection , th e  v a lu e  o f A S /k  a t  
a  =  5 ' 5 , n  — 2 5 , w a s  fo u n d  to  b e  8 o ’ 5  c o m p a re d  w ith  8 9 ‘ 8  fo r  th e  
^ -d ire c tio n . T h e  sa m e  v a lu e  o f A S /k  (8 0 *5 ) w o u ld  b e  g iv e n  a  s t r e tc h  o f 
a b o u t  a  =  5 * 3 7  in  th e  ;r-d ire c tio n . T h is  in d ic a te s  th e  k in d  o f  m a x im u m  
d iv e rg e n ce  b e tw e e n  th e  d if fe re n t d ire c tio n s  o f  s tre tc h in g . S ince, id ea lly , 
i t  is  th e  a v e ra g e  e n tro p y  fo r  s t r e tc h in g  in  a ll  d ire c tio n s  w h ic h  is  re q u ire d , 
i t  is  c o n s id e re d  t h a t  a n y  e r ro r  in tro d u c e d  b y  c o n s id e r in g  o n ly  th e  ;v-direc- 
t io n  is  l ik e ly  to  b e  v e r y  s lig h t.

T w o-D im ensional E xtension .
I n  th e  2 -d im e n s io n a l e x te n s io n  th e  ;v-d iraension  o f  th e  t e t r a h e d r o n  

w as re d u c e d  in  th e  r a t io  a  (w h ere  a  <  i )  w h ile  th e  y  a n d  z  d im e n sio n s  
w ere  in c re a se d  in  th e  r a t io  a ” i .  A s b e fo re , t h e  e n tr o p y  m a y  c o n v e n ie n tly  
b e  re p re se n te d  b y  A S /2 fc(a* - f  2 / a  — 3 ) o r  a  w h ic h  is  g iv e n  in  T a b le  I I ,  
a s  a  fu n c tio n  o f th e  l in e a r  e x te n s io n  r a t io  a ~ i.

T A B L E  I I . — T w o - D i m e n s io n a l  E x t e n s i o n .

C alculated values of A S /2 /^(a* +  2 / a  — 3 ) fo r 4 -chain  cell, n  =  2 5  and 1 0 0 .

ft - 25. ft —100.

Linear eztensioa ratio - A S Linear extension ratio - J S
i/Vot. 2fc(a» +  2 /« -3 )’ 2li(«* +  a / a - 3)

1*414 1 'OOq 2-0 I ‘00 ,
2*0 i-03 i 3 0 1 *0 1 ,
2-45 i-o5> 4-0 1*038
3*0 i*o9j 5-0 1 ‘o67
3-46 i*i4o 6*0 I'lO*

4 0 1 *2 2 , 7-0 1 *1 6 ,
4-47 i-33i 8-0 1-24.
5*0 1-56 9*0
5 2 5 1*75 lO ’O 1-59

10-5 1-7 8

O n ce  a g a in , i t  is  seen  t h a t  th e  e n tro p y  c u rv e s  fo r  th e  tw o  c h a in  le n g th s  
a r e  v e ry  s im ila r , b u t  in  t h e  p re s e n t  c ase  i t  is  t h e  sc a le  o f  a~i w h ic h  is 
d o u b le d  o n  m u lt ip ly in g  n  b y  4 .

S in ce  th e r e  is  a s su m e d  to  b e  n o  c h a n g e  o f  v o lu m e  o f  th e  ru b b e r ,  a  
s t r a in  o f  th e  k in d  c o n sid e re d  m a y  b e  re g a rd e d  e i th e r  a s  a  u n id ire c tio n a l 
co m p re ss io n  o r  a s  a  2 -d im e n s io n a l e x te n s io n . F ro m  th e  e n tro p y  i t  is 
p o ss ib le  t o  c a lc u la te  e ith e r  t h e  c o m p re ss iv e  fo rce  in  t h e  f ir s t  case , o r  th e  
te n s ile  fo rce  in  th e  seco n d . F o r  th e  c o m p re ss iv e  fo rce , p e r  cm .* o f th e  
o r ig in a l se c tio n , w e h a v e

/  =  -  TdAS/da........................................ (14)



T h e  te n s ile  fo rce  p e r  c m . in  a  s h e e t  o f  o r ig in a l th ic k n e s s  i  c m ., s t r e tc h e d  
in  tw o  d im e n s io n s  is  •

t -  a«/. • . . . (15)
T h e  se c o n d  is  t h e  m o re  c o n v e n ie n t  q u a n t i ty  fo r  g ra p h ic a l  re p re s e n ta t io n . 
T h e  c o m p re ss iv e  fo rce  is  fo rm a lly  e q u iv a le n t  t o  th e  tensU e fo rce  in  a  

s im p le  e lo n g a tio n , h e n c e  fro m  {1 2 ) a n d  ( 1 3 )

“  ^  ~  a s  +

H e n c e , in tro d u c in g  ( 1 5 ), th e  te n s io n  in  th e  e q u iv a le n t  2 -d im e n s io n a l 
e x te n s io n  is

F ig . 3.

T  wo>diznensionaI 
e x t e n s i o n .  T he 
f u n c t i o n  tfN kT  
fo r a  n e tw o rk  of 
ran d o m  chains of 
2 5  a n d  IC O  links.

T h e  q u a n t i t y  do/da  in  th is  ex p re ss io n  is  n o t  o b ta in a b le  a c c u ra te ly  fro m  a  
d ir e c t  p lo t  o f  a a g a in s t  a  b e c a u se  o f  th e  r a p id  v a r ia t io n  o f  e w i th  a . I t  is 
m o re  s a t is f a c to ry  t o  p lo t  a a g a in s t  a " i  a n d  th u s  t o  o b ta in  d a /d (a * ^ ) . 
T h is  is  c o n v e r te d  t o  d<r/da b y  th e  re la tio n

d a
so  t h a t  ( 1 6 ) b eco m es 

4i

1 do
2 ^ ‘ d ( i = ^ '

=  a*(a* +  2 / a  — 3 )
dff

+  4(1 -  a*N k T  '  ■ d ( a “i)

T h e  re s u l t  o f  t h e  a p p lic a t io n  o f  th is  e q u a tio n  is sh o w n  in  F ig . 3 .



So f a r  th e  w o rk  h a s  b een  c o n c e rn e d  w i th  a  n e tw o rk  o f ra n d o m ly - lin k e d  
c h a in s . T h e  r e s u l ta n t  s t re s s - s tra in  re la tio n s , sh o w n  in  F ig s . 2  a n d  3 . 
g iv e  th e  s tre sse s  d iv id e d  b y  N k T  w h e re  N  is  th e  n u m b e r  o f  c h a in s  p e r  e x .

T o  p ro c ee d  fu r th e r ,  in  o rd e r  t o  d e r iv e  th e  a c tu a l  s tre s se s  in  kg ./cm .>  
o n  th e  ru b b e r ,  i t  is  n e c e ssa ry  t o  f in d  a  w a y  o f  in tro d u c in g  N  n u m e r ic a lly . 
F o r  t h is  p u rp o s e  o u r  m a th e m a tic a l  c h a in  m u s t  b e  g iv e n  a  m a ss . T h e  
q u a n t i t y  N k T  is  t h e n  e q u a l  t o  pR T jM ,  w h e re  M  is  th e  “  m o le c u la r  "  
w e ig h t o f t h e  c h a in , a n d  p t h e  d e n s i ty  o f  th e  b u lk  ru b b e r .

F o r  t h e  a p p r o p r ia te  v a lu e  o f  M , t h e  ra n d o m  c h a in  m a y  b e  c o m p a re d  
w i th  th e  p o ly iso p re n e  c h a in . T h e  l a s t  p a p e r  sh o w ed  t h a t  th e  p o ly iso ­
p re n e  c h a in  is  s ta t is t ic a l ly  e q u iv a le n t  to  a  ra n d o m  c h a in  o f 1 * 4 2  l in k s  p e r  
iso p re n e  u n i t .  T h e  2 5 -h n k  ra n d o m  c h a in  is  th e re fo re  e q u iv a le n t  t o  a  ch?iin 
o f  1 7 - 6  iso p re n e  u n i ts ,  w h ic h  w o u ld  h a v e  a  m o le c u la r  w e ig h t o f  1 2 0 0 . 
S im ila r ly  th e  lo o - lin k  ra n d o m  c h a in  is  e q u iv a le n t  t o  a  p o ly iso p re n e  o f 
m o le c u la r  w e ig h t 4 8 0 0 . I n t r o d u c t io n  o f  t h e  a p p r o p r ia te  fa c to rs  g iv es , 
th e n ,  th e  fo rce  in  kg ./cm .* . T h e  re su l tin g  c u rv e s  a re  sh o w n  in  F ig s . 4  a n d  5 , 
fo r  a  te m p e ra tu r e  o f  2 5 ® C.

C om parison  w ith  E x p erim en t.
I n  F ig s . 4  a n d  5  th e  e x p e r im e n ta l  s t re s s - s tra in  re la tio n s  fo r  th e  la te x  

ru b b e r ,  r e p o r te d  in  a  p re v io u s  p ap er,*  a re  p lo t te d  fo r  c o m p a r iso n  w ith  
th e  th e o re t ic a l  cu rv es . T h e  v a lu e  o f N k T  fo r  th is  r u b b e r  w a s  6 *3 , w h ich  
c o rre sp o n d s  t o  a  "  m o le c u la r  ”  w e ig h t o f  4 1 0 0 . {The te m p e ra tu r e  in  th e s e

F i g . 4.

Sim ple e longation . 
S tress-stra in  curves 
fo r po ly isoprene 
ru b b e r.

M  — m o l e c u l a r  
w e i g h t  betw een 
l^ in t s  of cross- 
linkage.

e x p e r im e n ts  w a s  5 0 ® C.) I t s  e x te n s ib i l i ty ,  fo r b o th  s im p le  a n d  2 -d im en - 
s io n a l e x te n s io n , sh o u ld  th e re fo re  b e  a b o u t  8  %  lo w er t h a n  fo r  t h e  th e o r e t ­
ic a l r u b b e r  c o rre sp o n d in g  to  M  =  4 8 0 0 , s in ce  th e  e x te n s ib i l i ty  v a r ie s  
a p p ro x im a te ly  a s  t h e  sq u a re  r o o t  o f  t h e  c h a in  le n g th . I t s  a c tu a l  e x te n s i-  
b ih ty ,  ju d g in g  b y  th e  p o s it io n  o f  th e  u p w a rd  b e n d  in  t h e  c u rv e , a p p e a rs  
to  b e  a b o u t  8 0  %  in  th e  s im p le  e x te n s io n , a n d  5 5  %  in  t h e  2 -d im e n s io n a l



e x te n s io n , o f  t h e  e x te n s ib i l i ty  fo r  th e  th e o re t ic a l  M  =  4 8 0 0 , o r  a b o u t  
8 7  a n d  6 0  %  re sp e c tiv e ly  o f  th e  th e o re tic a l  fo r  M  =  4 1 0 0 .

T h e se  d iffe ren ces b e tw e e n  th e  e x p e r im e n ta l  a n d  th e o re tic a l  e x te n s i­
b i li t ie s  a r e  v e r y  m u c h  sm a lle r  t h a n  th e  a u th o r  w a s  le d  to  e x p e c t  f ro m  a n  
e a r l ie r  a n d  v e r y  m u c h  c ru d e r  th e o re tic a l  a n a ly s is .•

G eneral D iscussion.
I t  m a y  b e  u se fu l to  re c a ll th e  a s su m p tio n s  o n  w h ic h  th e  th e o re tic a l  

t r e a tm e n t  o f  t h e  p ro b le m  o f th e  e la s t ic i ty  o f  a  n e tw o rk  o f  lo n g -ch a in  
m o lecu le s  is  b a se d . T h e se  a re  ( i )  t h a t  t h e  m o lecu le s  a re  e n d o w e d  w ith  
f re e d o m  o f  r o ta t io n  a b o u t  sin g le  b o n d s ; (2 ) t h a t  th e  le n g th s  o f  m o le ­
c u la r  c h a in  b e tw e e n  ju n c t io n  p o in ts  a re  a ll  th e  s a m e ; (3 ) t h a t  th e  p ro ­
p e r tie s  o f t h e  r u b b e r  a re  c o rre c tly  re p re s e n te d  b y  a  s im p le  “  cell *’ o f  fo u r  
c h a in s , w h o se  a v e ra g e  d isp la c e m e n t le n g th  is  th e  ro o t-m e a n -s q u a re  le n g th  
o f  th e  free  c h a in , a n d  (4 ) t h a t  th e r e  is  n o  c h a n g e  in  in te r n a l  e n e rg y  o n  
d e fo rm a tio n  a t  c o n s ta n t  te m p e ra tu re ,  so  t h a t  t h e  w o rk  o f  d e fo rm a tio n  
m a y  b e  e q u a te d  to  th e  e n tro p y . T h e  a d d it io n a l  a s su m p tio n  o f  n o  v o lu m e  
c h a n g e  o n  d e fo rm a tio n  is  n o t  re a l ly  a n  a s su m p tio n  b u t  a  w e ll-e s tab lish e d  
e x p e r im e n ta l  fa c t.

G iv e n  th e  g e o m e tric a l c o n s tru c tio n  o f  th e  m o le c u la r  c h a in s , w h ich  
d e te rm in e s  th e i r  s t a t i s t ic a l  d is t r ib u t io n  o f  d isp la c e m e n t le n g th , i t  is 
p o ss ib le , o n  th e  b a s is  o f th e  a b o v e  fo u r  a s su m p tio n s , to  d e r iv e  t h e  s tre ss -  
s t r a in  re la tio n s h ip s  fo r  a n y  t j ^  o f  s t r a in .  I n  th is  p ro cess , th e r e  is, fo r 
a  ^ v e n  ru b b e r ,  o n ly  o n e  v a r ia b le  p a ra m e te r— th e  c h a in  c o n to u r  le n g th . 
T h is  d e te rm in e s  q u a n t i ta t iv e ly  b o th  th e  v e r tic a l  a n d  h o r iz o n ta l  sca les. 
I t  is  fo u n d  th a t ,  fo r  m o d e ra te  s t r a in s  th e  v e r tic a l sca le  {i.e. s tre ss )  is i n ­
v e rse ly  p ro p o r t io n a l  t o  th e  c h a in  c o n to u r  le n g th , w h ils t  th e  h o r iz o n ta l  
ra n g e , o r  m a x im u m  s t r a in  is  a  fu n c tio n  o f  th e  e x te n s ib i l i ty  o f th e  m o lecu le , 
a n d  fo r  s im p le  e lo n g a tio n  o r  2 -d im e n sio n a I e x te n s io n  is  p ro p o r t io n a l  to  
th e  sq u a re  r o o t  o f  t h e  c h a in  le n g th . T h o u g h  th e  p a p e r  is  c o n ce rn ed  
w ith  th e  p o ly iso p re n e  c h a in , th e s e  g e n e ra l p ro p e rt ie s  w ill b e  th e  sam e

* Treloar, Rep. Prog. Physics, 1 9 4 3 , 9 , 1 1 3 .



fo r m o lecu le s  o f  d if fe re n t  g e o m e tric a l c o n s tru c tio n . T h e  g e n e ra l fe a tu re s  
o f  th e  s tre s s - s tra in  re la tio n s  a r e  fu n d a m e n ta l  a n d  w o u ld  b e  e x p e c te d  fro m  
a n y  fo rm  o f  n e tw o rk  th e o ry ,  sin ce  t h e y  a re  d e r iv e d  d ir e c t ly  f ro m  th e  
fu n d a m e n ta l  s ta t i s t ic a l  p ro p e rt ie s  o f  lo n g -c h a in  m o lecu les . T h e  exact 
fo rm  o f  th e  s tre s s - s tra in  cu rv es , is, h o w e v er, less  f irm ly  e s ta b lish e d , ow in g  
to  th e  a r b i t r a r y  fe a tu re s  o f  a  s im p lify in g  n a tu r e  n e c e ssa r ily  in tro d u c e d  
in  a n y  c h o se n  m o d el. T h u s , fo r  e x a m p le , th e  a s su m p tio n  t h a t  th e  n e a re s t-  
n e ig h b o u r  ju n c t io n  p o in ts  t o  a  g iv en  ju n c t io n  p o in t  m a y  b e  re g a rd e d  as 
f ix ed  in  th e i r  a v e ra g e  p o s itio n s , a n d  th e  d iff ic u lty , re fe r re d  to  b y  F lo ry  
a n d  R e h n e r , ' o f  k n o w in g  w h ic h  k in d  o f  a v e ra g e  sh o u ld  b e  c h o se n  in  th is  
c o n n e c tio n , a re  a r b i t r a r y  fe a tu re s  w h ic h  o th e r  p o ss ib le  m o d e ls  m ig h t  
a v o id  o r  im p ro v e  o n . T h e  sa m e  a p p lie s  a lso  t o  th e  o b v io u s ly  in a c c u ra te  
a s su m p tio n  t h a t  a ll  th e  c h a in s  a re  o f th e  sa m e  le n g th .

A  f u r th e r  so u rc e  o f e r ro r  is  c o n n e c te d  w ith  th e  d e r iv a tio n  o f  th e  
s t a t i s t ic a l  d is t r ib u t io n  o f m o le c u la r  d isp la c e m e n t le n g th s . I n  th is  d e r iv a ­
t io n  th e  v o lu m e  o c cu p ied  b y  th e  c h a in  a to m s  h a s  b e e n  n e g le c te d . I f  
th e s e  d e fe c ts  w ere  re m o v e d , th e  a v e ra g e  c h a in  d isp la c e m e n t le n g th  w o u ld  
b e  in c re a se d , a n d  s in c e  th e  m a x im u m  le n g th  w o u ld  b e  u n c h a n g e d , i t  
fo llow s t h a t  th e  e x te n s ib i l i ty  o f  th e  m o lecu le  a n d  c o n se q u e n tly  o f  th e  
n e tw o rk  w o u ld  b e  re d u c e d . T h is  fa c to r  m a y  v e ry  w e ll b e  th e  m a in  re a so n  
fo r  t h e  d isc re p a n c y  b e tw e e n  th e  e x p e r im e n ta l  a n d  th e o re tic a l  e x te n s i­
b ili t ie s  d iscu ssed  a b o v e .

T h e  d ifficu lties  a re , h o w e v er, n o t  a ll  o n  th e  th e o re tic a l  s ide . T h e  
d e te rm in a tio n  o f a  r e a l  e q u ilib r iu m  s tre s s - s tr a in  c u rv e  fo r  -ru b b er is  a  
m a t t e r  o f v e ry  c o n s id e ra b le  d iff ic u lty , p a r t ic u la r ly  a t  la rg e  s tra in s ,  w h e re  
su c h  e ffec ts  a s  c ry s ta l l is a t io n  a n d  m e c h a n ic a l r e la x a t io n  a re  v e r y  se rio u s . 
I n  th e  e x p e r im e n ta l  c u rv e s  sh o w n  in  th is  p a p e r  i t  is  n o t  su g g e s te d  t h a t  
th e s e  e ffec ts  h a v e  b e e n  e lim in a te d , a n d  th e i r  ih c lu s io n  is  ju s tif ie d  o n ly  
b y  th e  a b se n c e  o f  a n y  m o re  s a t is f a c to ry  d a ta .  I t  m ig h t  b e  th o u g h t  
p o ss ib le  t o  re m o v e  th e s e  e x p e r im e n ta l  d ifficu lties  b y  w o rk in g  w i th  a  s y n ­
th e t ic ,  r u b b e r  w h ic h  d o e s  n o t  c ry s ta ll is e , b u t  th e n  o n e  e n c o u n te rs  th e  
d iff ic u lty  t h a t  su c h  ru b b e rs  a re  in v a r ia b ly  m e c h a n ic a lly  w e a k  a n d  will 
n o t  p e rm it  th e  a p p lic a t io n  o f  la rg e  s tra in s .  A lso  th e i r  p rec ise  m o le c u la r  
c o n s t i tu t io n  is  n o t ,  a n d  c a n n o t  b e  k n o w n .

A  f u r th e r  d ifficu lty , o f  a  r e la te d  k in d , lie s  in  th e  f a c t  t h a t  th e  d e fo rm a ­
t io n , p a r t ic u la r ly  w h e n  la rg e , m a y  r e s u l t  in  in te r n a l  e n e rg y  c h an g e s . 
S u c h  c h a n g e s  m a y  a r is e  f ro m  th e  m o d if ic a tio n  o f  th e  in te rm o le c u la r  fo rces 
b y  o r ie n ta t io n  ( lead in g  in  th e  e x tre m e  c ase  t o  c ry s ta ll is a tio n )  o r  f ro m  fo rces 
b e tw e e n  th e  a to m s  o f  a  s in g le  c h a in . S u c h  c h an g e s  m a y  b e  e s t im a te d  
e x p e r im e n ta l ly  a n d  th e  c o n tr ib u t io n  to  th e  t o ta l  f ree  e n e rg y  re s u ltin g  
fro m  th e m  m a y  b e  s u b t r a c te d  so  a s  t o  o b ta in  t h e  p u r e  e n tr o p y  c h a n g e , 
a s  h a s  b e en  a t te m p te d  b y  A n th o n y , C a s to n  a n d  G u th , ’ b u t  t h e  e x p e r i­
m e n ta l  d ifficu ltie s  in v o lv e d  a re  h e re  a lso  l ik e ly  t o  p ro v e  v e ry  se rio u s  a t  
la rg e  s tra in s .

F o r  t h e  re a so n s  a d v a n c e d  in  th is  p a ra g ra p h , i t  is  e v id e n t  t h a t  c a u tio n  
m u s t  b e  e x erc ised  in  m a k in g  a  q u a n t i t a t iv e  c o m p a riso n  b e tw e e n  th e  
th e o re tic a l  s tre s s - s tra in  c u rv e s  a n d  th e  e x p e r im e n ta l  d a ta  a v a ila b le . 
I n  s p i te  o f  th e  d ifficu lties , h o w e v e r, i t  is  c le a r  t h a t  t h e  th e o r y  le a d s  to  
s tre s s - s tr a in  re la tio n s  c o m p a ra b le  w i th  t h e  e x p e r im e n ta l  c u rv e s  in  a ll 
th e i r  c h a ra c te r is tic  fe a tu re s . T h is  is  p a r t ic u la r ly  w e ll sh o w n  fo r  th e  
c a se  o f  a  2 -d im e n s io n a l e x te n s io n  (F ig . 5 ). ItTseemis ju s t if ia b le  t o  c o n c lu d e  
t h a t  th e  main elastic properties o f a well-vulcanised rubber, even at large 
strains, are related prim arily {though not necessarily exclusively) to the 
statistical configurations o f molecules in  a yciimensional network.

S u m m ary .
T h e  a c c u ra te  fu n c tio n s  re p re se n tin g  t h e  d i s t r ib u t io n  o f  le n g th  o f  lo n g - 

c h a in  m o lecu les  a re  in tro d u c e d  in to  th e  F lo ry -R e h n e r  m o d el, b y  m ea n s  
’ A nthony , C aston  a n d  G a th , J. Physic. Chem., 1942. 4 6 , 8 2 6 .



o f  w h ic h  th e  m e c h a n ic a l p ro p e r t ie s  o f  a  n e tw o rk  o f  su c h  m o lecu le s , c o r­
re sp o n d in g  to  a  v u lc a n ise d  ru b b e r ,  m a y  b e  c a lc u la te d . S tre s s - s tra in  c u rv e s  
a r e  o b ta in e d  fo r  (a) s im p le  e lo n g a tio n  a n d  (6 ) 2 -d im e n s io n a l e x te n s io n , 
u s in g  c h a in  l e n g t h  c o rre sp o n d in g  to  p o ly iso p ren e  r u b b e rs  o f  m o le c u la r  
w e ig h t (M) b e tw e e n  ju n c t io n  p o in ts  o f  th e  n e tw o rk  o f  1 2 0 0  a n d  4 8 0 0  
re sp e c tiv e ly . T h ese  c u rv e s  sh o w  a ll  th e  e s s e n tia l  fe a tu re s  o f  th e  c o r re ­
sp o n d in g  e x p e r im e n ta l  c u rv e s  fo r  n a tu r a l  ru b b e r ,  r ig h t  u p  t o  t h e  b re a k in g  
p o in t,  th o u g h  th e  e x te n s ib i l i ty  o f  th e  re a l r u b b e r  is  s ig n if ic a n tly  less t h a n  
th e  th e o re tic a l .  T h e y  sh o w  a lso  t h a t  th e  s tre s s  fo r  a  g iv e n  s m a ll  o r  
m o d e ra te  d e fo rm a tio n  is  in v e rs e ly  p ro p o r t io n a l  t o  M ,  w h ils t  t h e  ra n g e  
o f  e x te n s ib i l i ty  is  d ire c tly  p ro p o r t io n a l  t o  M *.

T h o u g h  a n  e x a c t  a g re e m e n t b e tw e e n  th e  th e o re t ic a l  a n d  e x p e r im e n ta l  
s t r e s s - s tr a in  re la tio n s  is  n o t  t o  b e  e x p e c te d , o n  a c c o u n t  o f  t h e  m a n y  
difl&culties e n c o u n te re d  in  m a t te r s  o f  d e ta i l  b o th  o n  th e  th e o re t ic a l  a n d  
o n  th e  e x p e r im e n ta l  s ide , t h e  d eg ree  o f  a g re e m e n t re v e a le d  is  c o n s id e re d  
to  w a r r a n t  th e  co n c lu s io n  t h a t  t h e  m a in  e la s tic  p ro p e rt ie s  o f  v u lc a n ise d  
r u b b e r  a r e  e s se n tia lly  s ta t i s t ic a l  p ro p e rt ie s  o f  a  n e tw o rk  o f  lo n g -ch a in  
m o lecu les .

T h is  w o rk  fo rm s  p a r t  o f  t h e  p ro g ra m m e  o f  fu n d a m e n ta l  re s e a rc h  on  
r u b b e r  u n d e r ta k e n  b y  th e  B o a rd  o f  th e  B r i t is h  R u b b e r  P ro d u c e rs ’ R e se a rc h  
A sso c ia tio n .
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