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T h e  c o u rse  o f a p p ro a c h  n o rm a l ly  a d o p te d  in  c r^ ^ ta l  a n a ly s is  is  b a se d  
o n  th e  c o n c e p t  o f  th re e -d im e n s io n a l  r e p e t i t io n  o r ig in a te d  b y  B ra g g  w h o  
sh o w e d   ̂ t h a t  t h e  e le c tro n  d e n s i ty  a t  a n y  p o in t  in  a  c r y s ta l  c o u ld  b e  
re p re s e n te d  b y  a  th re e -d im e n s io n a l F o u r ie r  se ries . I t  fo llow s fro m  th is  
p r in c ip le  t h a t  t h e  p ro je c tio n  o f  t h e  e le c tro n  d e n s i ty  o n  a n y  p r in c ip a l  
p la n e  h a s  a  tw o -d im e n s io n a l r e p e t i t io n  p a t t e r n  a n d  h e n c e  is  c a p a b le  o f 
e x p re ss io n  a s  a  tw o -d im e n s io n a l F o u r ie r  series .

I n  g en era ] t h e  se rie s  a r e  u se d  a f te r  a  s e t  o f  a p p r o x im a te  a to m ic  p a r a ­
m e te rs  h a s  b e e n  d e te rm in e d  b y  o n e  o f th e  u s u a l  t r i a l  a n d  e r ro r  m eth o d s,* . * 
a n d  i t  is  c u s to m a ry  to  s t a r t  b y  re fin in g  tw o  o f  th e s e  c o -o rd in a te s  u s in g  
F o u r ie r  p ro je c tio n s . W h en , fo r  t h e  re a so n s  t o  b e  d isc u sse d  la te r ,  th e s e  
c ea se  t o  g iv e  u se fu l in fo rm a tio n , a l l  th r e e  c o -o rd in a te s  a re  o b ta in e d  w ith  
t h e  g r e a te s t  p o ss ib le  a c c u ra c y  b y  m e a n s  o f  F o u r ie r  se c tio n s  a n d  lin es.

I n  p re lim in a ry  w o rk , F o u r ie r  p ro je c tio n s  h a v e  th e  a d v a n ta g e s  o f 
r e q u ir in g  o n ly  a  sm a ll  n u m b e r  o f t e r m s  o f t h e  ty p e  'F{kko) a n d  o f g iv in g  
in fo rm a tio n  a b o u t  a l l  t h e  a to m s  a t  t h e  s a m e  tim e , b u t  s in c e  in  m o s t 
s t r u c tu r e s  o v e r la p p in g  o c c u rs  in  p ro je c tio n  th e  l a t t e r  a d v a n ta g e  is  se ld o m  
re a lis e d  a n d  u t i l i s a t io n  o f  o n ly  a  sm a ll  n u m b e r  o f  t e r m s  in  i ts e lf  re d u ce s  
t h e  a c c u ra c y  o f  d e r iv e d  c o -o rd in a te s .

T h e  m e th o d s  o f s e c tio n  a n d  lin e  s y n th e se s  re m o v e  th e  d is a d v a n ta g e s  
o f  p ro je c tio n s  b u t  in tro d u c e  tw o  a d d it io n a l  d ra w b a c k s , t h a t  th e  co ­
o r d in a te s  h a v e  to  b e  k n o w n  w ith  a  f a i r  d e g ree  o f  a c c u ra c y  a n d  a ls o  t h e  
r a th e r  se rio u s  f a c t  t h a t  t h e  t im e  ta k e n  in  c o m p u ta t io n  w i th  c o m p le x  
o rg a n ic  m o lecu le s  is  c o n s id e r a b le ; w h ic h  p ro b a b ly  a c c o u n ts  fo r  th e  
h i th e r to  l im ite d  e m p lo y m e n t o f  th re e -d im e n s io n a l  sy n th e se s  i n  s t r u c tu r e  
a n a ly s is . I n  o rd e r  t o  o b ta in  b o n d  le n g th s  o f th e  a c c u ra c y  n o w  re q u ire d  
in  c o m p a r in g  v a r io u s  re so n a n c e  th e o r ie s  o f  m o le c u la r  s t r u c tu r e ,  i t  is

1 B ragg, Phil. Trans. Roy. Soc., 1 9 1 5 . 3 1 5 , 2 5 3 .
* B ragg a n d  L ipson, Z. Kryst., 1 9 3 6 . 9 5 , 3 2 3 .
* P a tte rso n , ibid., 1 9 3 5 , 9®* 5i7-



n e c e ssa ry  t o  h a v e  a to m ic  c o -o rd in a te s  o f th e  g r e a te s t  p re c is io n  a v a ila b le  
w i th  a  fu ll u se  o f  th e  m o s t  a d v a n c e d  e x p e r im e n ta l  te c h n iq u e . I n  v iew  
o f  th e  f a c t  t h a t  in  u s in g  p ro je c tio n s  o n ly  fo r  s t r u c tu r e  a n a ly s is , th e  g r e a te r  
p a r t  o f th e  a v a i la b le  e x p e r im e n ta l  d a t a  {i.e. g e n e ra l F(AA/) v a lu es)  is 
e i th e r  n o t  o b se rv e d  o r  in  a n y  c ase  n o t  u se d , i t  is  d e s ira b le  t h a t  a ll  s t ru c tu re s  
in v e s t ig a te d  sh o u ld  h a v e  th e  c o n c lu d in g  re fin e m e n ts  e ffe c te d  b y  th re e -  
d im e n s io n a l sy n th e s is .

T h e  p re s e n t  p a p e r  c o n ta in s  a n  a c c o u n t  o f tw o  m e th o d s  d e v is e d  b y  
th e  a u th o r  h a v in g  a d v a n ta g e s  in te rm e d ia te  b e tw e e n  th o s e  o f  th e  s ta n d a r d  
m e th o d s  j u s t  d iscu ssed . T h e  f ir s t  is  a  g e n e ra lis a t io n  o f t h e  p ro je c tio n  
in  w h ich , in s te a d  o f  p ro je c tin g  th e  w h o le  c o n te n ts  o f a  u n i t  a ll  u p o n  a  
b a s a l  p la n e , o n ly  t h a t  p a r t  c o n ta in e d  b e tw e e n  sp ec ified  p la n e s  is  in c lu d e d . 
T h e  se c o n d  is  a  m o d if ic a tio n  o f  t h e  n o rm a l m e th o d  o f F o u r ie r  se c tio n s  in  
w h ic h , in s te a d  o f  th e  u su a l  s in g le  a to m  p e r  sy n th e s is , a  n u m b e r  o f a to m s  
c a n , u n d e r  s u i ta b le  c o n d itio n s , b e  o b ta in e d  o n  th e  s a m e  se c tio n . I n  th e  
d e s c r ip t io n  o f  b o th  m e th o d s  t h e  t r e a tm e n t  fo r  t h e  g e n e ra l c a se  is  g iv e n  
a n d  th e n  t h a t  fo r  t h e  p a r t ic u la r  m o n o ch n ic  sp a c e  g ro u p  P i j c  in  o rd e r  to  
sh o w  th e  p ra c t ic a l  a p p l i c a t io n ; th is  sp a c e  g ro u p  w a s  c h o se n  s in c e  i t  is 
o n e  w h ic h  o c cu rs  in  a  h ig h  p ro p o r t io n  o f  th e  o rg a n ic  c o m p o u n d s  h i th e r to  
in v e s tig a te d  a n d  is  th u s  U kely  to  b e  u se fu l fo r  re fe re n ce . W h ile  th e  g e n e ra l 
r e s u l ts  g iv en  c o u ld  e a s ily  b e  t r a n s fo rm e d  to  s u i t  t h e  s y m m e try  o f a n y  
p a r t ic u la r  sp a c e  g ro u p  i t  is  in  f a c t  a lw a y s  q u ic k e r  t o  o b ta in  t h e  p a r t ic u la r  
r e s u l ts  f ro m  th e  ta b le s  o f L o n sd a le .*

(1) The Method of Section-projections.
T h e  e le c tro n  d e n s i ty  a t  a n y  p o in t  {x, y , z) in  t h e  u n i t  ce ll o f a  c r y s ta l  

i s  g iv e n  (L o n sd a le  *) b y  :
00

P{xyz) C0S^27T
— 00

w h e n ce  th e  p ro je c tio n  o f  t h e  e le c tro n  d e n s i ty  c o n ta in e d  b e tw e e n  th e  tw o  
p a n e s  z  =  a n d  z = on  t h e  (c) fa c e  is , fo r  o r th o g o n a l  c ry s ta ls  :—

T w o  sp e c ia l c a se s  a r e  of i n t e r e s t :—
(i)  W h e n  2:, =  c t h e  a b o v e  e x p re ss io n  re d u c e s  t o  :

+  « ^  I F(hho) \ cos

w h ic h  is  th e  o rd in a r y  fo rm u la  fo r  F o u r ie r  p ro je c tio n s  g iv e n  b y  Bragg.®
(2 ) A s z^ Zi, t h e  r e s u l t  b eco m es :—

1 F{hkl) 1 c o s [ 2 7 t ( a ^  +
—  flo 

00 

— 00
* Lonsdale, Simplified Structure Factor Tables. 1936.
» B ragg, W . H . a n d  W . L ., The Crystallifu State, 1 9 3 3 *
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w h ic h  is  m e re ly  a n  e x p re ss io n  o f  t h e  f a c t  t h a t

............................................ (2 )
Ml t\ ^

i.e, a n  o r d in a r y  F o u r ie r  S e c tio n  a t  h e ig h t
F o r  m o n o c lin ic  c ry s ta ls  o f  sp a c e -g ro u p  P ti/c  ( i )  b e co m es (L o n d sa le  * 

loc a/.l
oo

* + i - 2 n + l
QO

> ( * * / )  cos 27t( a^  - f
u

+  F(AA/) cos 27t(  -  +  C 0 S 2 ^ ft|

- n i l  F{hkl) s in  2 ir^A ^ +  +  F{hkl) s in  ^ c f\

F ro m  w h ic h  th e  re s u l t  is  o b ta in e d  :—  
h + l» 2n

OD

0 a c ^

00

~  F(AA/} s in  27t^ -  5*1

w h ere
2  i r k  

~ I
‘Z i r k  .

y
c o s  2 wft 4 ? — co s  2 wft

6 J

f - ’

I t  sh o u ld  b e  n o te d  t h a t  p ro c e e d in g  to  t h e  l im i t  A =  o  in  th e s e  r e su lts

c. =i(y, - y . )

w h ich  is  o th e rw ise  e v id e n t  f ro m  th e  d ir e c t  in te g ra t io n  o f  t h e  F{kol) 
te rm s .

I n  o rd e r  t o  c o m p u te  th e  se c tio n -p ro je c tio n s  th e  o rd in a r y  m e th o d  a n d  
t a b u la t io n  u se d  in  F o u r ie r  se c tio n s  is  u se d  w i th  t h e  e x c e p tio n  t h a t  th e  
p re l im in a ry  t a b l e  c o n s is ts  o f v a lu e s  o f  C* a n d  S* in s te a d  o f t h e  u s u a l  
c o s  a n d  s in e .

(2) The Method of Projected-Sections.
T h e  e x p re ss io n  fo r  a  F o u r ie r  s e c tio n  a t  h e ig h t  i s  :—

00

p[î yxi) = p 2  5! Z I  I •
-GO

A ssu m in g  t h a t  t h e  a to m s  a t  ^ *  jŝ . . . . e tc .,  h a v e  w id e ly  d iffe rin g  
{xy) c o -o rd in a te s  t h e  se c tio n s  th ro u g h  th e s e  a to m s  m a y  b e  c o m b in e d  
w i th o u t  in te r fe re n c e  t o  g iv e  :—



f

R{xy){z^ ■ • • -?r) =  2

= p I  {I  i  2 1 I [""(*«■+-^1+^ )  -  “<*">]}•
m  — 1  — CO

A lth o u g h  t h i s  e x p re ss io n  lo o k s  s o m e w h a t c lu m sy , in  p ra c t ic e  th e  
c o m p u ta t io n  is  l i t t le  m o re  difl&cult t h a n  t h a t  fo r  a  s in g le  se c tio n . C o n ­
s id e r in g  th e  m o n o c lin ic  sp a c e  g ro u p  p re v io u s ly  m e n t i o n ^

^(xyx){y^ . , . y,)

00
F{hkl cos F{hkl) cos +

^ 0
* - r ( - 2n + l

CO

~ 2 .2  Z  + ^) +
0

f

w h e re  ,C* =  ^  co s 2 w A ^
m - l

f

,5»  =  2  s in  2 ff A ^ .  /
m - l

t h e  t a b u la t io n  b e in g  th e  s a m e  a s  t h a t  fo r  a n  o rd in a r y  se c tio n  w ith  th e  
e x c e p tio n  o f  t h e  p re lim in a ry  ta b le  w h ic h  c o n s is ts  o f  ,C„ a n d  ,S^  in s te a d  o f  
t h e  n o rm a l  cos a n d  s ine .

Applications.
<

B o th  o f th e  a b o v e  m e th o d s  h a v e  re ce iv e d  e x te n s iv e  t r ia l s  o n  se v e ra l  
s t r u c tu r e s  a n d  th e  fo llo w in g  g e n e ra l a s se ssm e n t o f th e i r  a d v a n ta g e s  a n d  
d is a d v a n ta g e s  m a y  b e  m ad e .

S e c tio n  P ro je c tio n s .^ —T h e  m e th o d  is  m o s t  s u i ta b le  fo r  s e p a ra t in g  a  
m o le c u le  f ro m  i t s  c o m p a n io n s  in  t h e  u n i t  cell, e sp e c ia lly  w h en  th e  a to m s  
o f t h e  s in g le  m o lecu le  g iv e  a  p ro je c tio n  free  f ro m  o v e r la p p in g . I t  is  fo u n d  
t h a t  if  o n e  o f t h e  b o u n d a ry  p la n e s  p a sse s  th r o u g h  a n  a re a  o f p o s i t iv e  
e le c tro n  d e n s i ty  o f a  m o lecu le , d is to r t io n  o f t h e  r e s u l ta n t  p ro je c tio n  is  
l ia b le  t o  o c c u r  in  t h is  reg io n . F o r  t h e  sp e c ia l c a se  in  w h ic h  th e  p la n e  is 
n o rm a l t o  a n  in te ra to m ic  b o n d  th e r e  is  n o  d is to r t io n  a n d  th e  m e th o d  m a y  
b e  u se d . A s  th e  d iffe ren ce  b e tw e e n  th e  p la n e s  o f s e c tio n  d e c re a se s  th e  
m a g n itu d e  o f  th e  p e a k s  o b ta in e d  d e c r e a s e s ; e q u a t io n  (2 ) m a k e s  i t  c le a r  
t h a t  t o  b r in g  th e  r e s u l ts  t o  t h e  sa m e  sc a le  a s  is  u su a l  in  se c tio n s  t h e  v a lu e s  
s h o u ld  b e  d iv id e d  b y  — -?i). T h e  p a r t ic u la r  a d v a n ta g e  o f  th e  m e th o d  lies 
in  t h e  s im p lic ity  o f th e  p re lim in a ry  ta b le .

P ro je c te d  S e c tio n s .— ^While th is  m e th o d  g iv es  n o  in fo rm a tio n  n o t  o b ­
ta in a b le  b y  m e a n s  o f o rd in a ry  se c tio n s , i t  g r e a t ly  re d u c e s  t h e  w o rk  in v o lv e d , 
c o m p a re d  w i th  t h a t  n e e d e d  fo r  a  c o m p le te  s e t  o f se c tio n a l s3m th e se s , w i th o u t  
i n  a n y  w a y  re d u c in g  th e  a c c u ra c y . T h e  m e th o d  is  e q u a lly  a p p lic a b le  to  
Une s y n th e se s  in  w M ch c ase  s e v e ra l a to m s  c a n  b e  m a d e  to  a p p e a r  o n  th e  
s a m e  lin e , a l th o u g h  h e re  th e  a d v a n ta g e s  a r e  n o t  so  g re a t ,  a s  t h e  p re lim in a ry  
ta b le  fo rm s  th e  m a jo r  o p e ra t io n  o f  t h i s  ty p e  o f  sy n th e s is  a n d  n o t  m a n y  
a to m s  c a n  b e  o b ta in e d  o n  a  s in g le  lin e  w i th o u t  m u tu a l  in te rfe re n c e .



Conclusion.
T h e  fo llo w in g  s c h e m e  is  su g g e s te d  a s  o n e  w h ich  w ill m a te r ia lly  s h o r te n  

t h e  t im e  ta k e n  fo r  s t r u c tu r e  a n a l3rsis w i th o u t  in  a n y  w a y  re d u c in g  th e  final 
a c c u ra c y  o f  t h e  re s u l ts .

(1) D e te rm in a t io n  o f a p p ro x im a te  p a ra m e te rs .
(2 ) R e f in e m e n t b y  m e a n s  o f  p ro je c tio n s .
(3 ) „  „  s e c tio n  p ro je c tio n s .
(4 ) „  „  p ro je c te d  sec tio n s.
(5 ) F in a l  c h e c k  b y  m e a n s  o f o n e  s e t  o f s ta n d a r d  s e c tio n  a n d  lin e  

sy n th e se s .

T h is  w o rk  fo rm s  p a r t  o f a  p ro g ra m m e  o f fu n d a m e n ta l  re s e a rc h  o n  
r u b b e r  u n d e r ta k e n  b y  th e  B o a rd  o f t h e  B r i t is h  R u b b e r  P ro d u c e rs ' R e ­
s e a rc h  A sso c ia tio n .
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